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Abstract
Let (φn) be a norm bounded sequence in the pre-dual of a von Neumann algebra M . In
general it is not true that this sequence has a weakly convergent subsequence. But given
a normal state ψ , then, for any ε > 0, there exists a projection e such that ψ(1 − e)  ε
and the restriction of (φn) to eMe has a subsequence which converges weakly to a normal
functional on eMe.
 2002 Elsevier Science (USA). All rights reserved.
1. Introduction
The results of this paper were motivated by seeking non-commutative exten-
sions of the so-called Biting Lemma which was first obtained by Brooks and
Chacon and, independently, Rosenthal (see [4]), and subsequently extended by
Brooks to finitely additive measures [3].
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Throughout this note let M be a von Neumann algebra with pre-dual M∗. Let
M1 be the norm closed unit ball of M . As usual, we do not distinguish between
normal functionals on M and elements of M∗.
2. Normal functionals onM
The following simple result is not strictly necessary for our main theorem but
is included for completeness.
Lemma 1. Let there exist a faithful state φ on M such that there exists a
constant c, c > 0, such that φ(p) c for each non-zero projection p in M . Then
M is finite dimensional. The state φ is not assumed to be normal.
Proof. Let p1,p2, . . . , pN be a finite sequence of non-zero, mutually orthogonal
projections in M . Then 1  φ(∑pj )  Nc. So N  1/c. Thus every family of
non-zero, mutually orthogonal projections in M is finite. Hence the centre of M
is finite dimensional. Thus M is the finite direct sum of factors. So it suffices to
prove the lemma when M is assumed to be a factor.
Clearly M has minimal projections, so M cannot be a Type II or a Type III
factor. ThusM is a Type I factor, i.e., M is isomorphic to L(H), the von Neumann
algebra of all bounded operators on a Hilbert spaceH . If H is infinite dimensional
we can find an infinite family of non-zero, orthogonal projections in L(H). Hence
H is finite dimensional, i.e., M is finite dimensional. ✷
Let us recall the following standard results:
Let ψ be any positive normal functional on M . Then let us define pψ on M by
pψ(x)= ψ(xx∗ + x∗x)1/2. Then pψ is a semi-norm on M . When ψ is faithful
then pψ is a norm, and, see [12, p.148], we can define a complete metric d on M1
by d(x, y)= pψ(x − y). This metric induces on M1 a topology homeomorphic
to that induced by the σ -strong∗ topology on M1.
Let M be isomorphic to a weakly closed ∗-subalgebra of L(H) (with the same
unit element as L(H)). Then the strong∗ topology of L(H) and the σ -strong∗
topology of M induce the same topology on M1. So we may say that a bounded
sequence in M converges in the strong∗ topology (induced by some unspecified
faithful normal representation) precisely when it is σ -strong∗ convergent.
As usual, a sequence (φn) (n= 1,2, . . .) in M∗ is called weakly compact if the
set {φn: n= 1,2, . . .} is a relatively weakly compact subset of M∗, i.e., the closure
of this set in the weak-topology of M∗ is compact. Many of the fundamental
contributions of Takesaki [11], Akemann [1], Akemann et al. [2] and Saitô [10] to
the study of weak compactness in the pre-dual of a von Neumann algebra are now
incorporated into standard textbooks on operator algebras, e.g., [12]. See also
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[5,6]. Our standard references for operator algebras are [8,9,12] and for weak
compactness in Banach spaces [7].
Lemma 2. Let (φn) (n = 1,2, . . .) be a norm bounded sequence of positive
normal functionals on M . Let ψ be a normal state of M such that the following
property holds. For each real number c > 0, there exists η > 0 such that for every
projection e, ψ(e) < η implies φn(e) > c for at most finitely many n. Then (φn)
(n= 1,2, . . .) is weakly compact.
Proof. Let (pk) (k = 1,2, . . .) be any monotone decreasing sequence of projec-
tions in M with pk → 0 in the weak∗ topology. Then ψ(pk)→ 0.
Fix c > 0. Let η > 0 be such that, for every projection e, ψ(e) < η implies
φn(e) > c for at most finitely many n. Fix K so thatψ(pK) < η. Then φn(pK) > c
for at most finitely many n. Thus there exists N , such that φn(pK)  c for all
n > N . Consider φj for j = 1,2, . . . ,N . By normality, we can find L  K ,
such that φj (pL)  c for j = 1,2, . . . ,N . Thus φn(pL)  c for all n. Hence
by Theorem 5.4(iii) in [12], {φn: n = 1,2, . . .} is relatively weakly compact
in M∗. ✷
Definition. Let ψ be a positive normal functional on M . Let (φn) (n = 1,2, . . .)
be a norm bounded sequence of positive normal functionals on M . The anti-
compactness set (with respect to ψ) of this sequence is defined to be the set, ∆,
of all strictly positive real numbers c such that, for each strictly positive real
number η, there exists a projection pη such that ψ(pη) < η and φn(pη) > c for
infinitely many n.
Remark. Clearly ∆ is bounded. When M is finite dimensional ∆ is empty.
Lemma 3. Let ψ be a faithful positive normal functional on M . Let (φn) (n =
1,2, . . .) be a norm bounded sequence of positive normal functionals on M . Let
∆ be the anti-compactness set (with respect to ψ) of this sequence.
(i) Let c ∈ ∆. Then there exists a sequence of projections (ek) (k = 1,2, . . .)
such that the sequence converges to 0 in the strong∗ topology and ψ(ek) 1/2k .
Furthermore, for each k, φn(ek) > c for infinitely many n.
(ii) The sequence (φn) (n= 1,2, . . .) is weakly compact in M∗ if, and only if,
∆ is empty.
Proof. (i) From the definition of ∆, given any η > 0, there exists a non-zero
projection eη such that ψ(eη) η and φn(eη) > c for infinitely many n. Put η =
1/2k for k = 1,2, . . . . To avoid cumbersome notation, we label the corresponding
projections ek . Thus ψ(ek) 1/2k for k = 1,2, . . . . So pψ(ek)=ψ(ek) 1/2k .
Since ψ is faithful, and the metric on M1 given by ψ induces the σ -strong*
topology, it follows that ek → 0 in the σ -strong* topology of M1.
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(ii) (a) Let {φn: n= 1,2, . . .} be relatively weakly compact. Then by a theorem
of Akemann (see Theorem 5.4 in [12]) there exists a normal state ω such that,
given any ε > 0, there exists a δ > 0 with the following property: whenever
‖x‖ 1 and pω(x) δ then φn(x) ε for all n.
Assume that there exists c ∈ ∆. Then let (ek) be a sequence of projections
constructed as in (i). Then ω(ek)→ 0. Fix ε  c/2. Fix k so that ω(ek)  δ.
Then φn(ek) ε  c/2 for all n. But φn(ek) c for infinitely many n. This is a
contradiction so ∆ is empty.
(b) Let ∆ be empty. So, for each c > 0, c /∈ ∆. This is equivalent to the
statement:
For each real number c > 0, there exists η > 0 such that for every
projection e,ψ(e) η or, for at most finitely many n,φn(e) > c. (∗)
So, for each c > 0, there exists η > 0 such that for every projection e, ψ(e) < η
implies φn(e) > c for at most finitely many n. It now follows from Lemma 2 that
(φn) (n= 1,2, . . .) is weakly compact. ✷
Proposition 4. Let M possess a faithful positive normal functional ψ . Let (φn)
(n= 1,2, . . .) be a norm bounded sequence of positive normal functionals on M .
Choose ε > 0. Then there exists a projection d ∈ M , such that ψ(d) < ε and
there is a subsequence of (φn), (βn) (n= 1,2, . . .), such that the sequence of βn
restricted to (1− d)M(1− d) is weakly compact.
Proof. If ψ(1)  ε then we may take d = 1 and the situation is trivial. So let
ε < ψ(1).
Let ∆1 be the anti-compactness set for (φn) with respect to ψ . If ∆1 is empty
then, on putting d = 0, we are finished.
Now assume that ∆1 is not empty. Let 2c1 = sup∆1. Then there exists
d1 ∈ Proj(M) such that ψ(d1) < ε/2, and φn(d1) > c1 for infinitely many n. So
there exists a subsequence (φ1,n)⊂ (φn) where φ1,n(d1) > c1 for all n.
Let (φ1,n)|(1−d1)M(1−d1) denote the sequence obtained by restricting each
φ1,n to (1 − d1)M(1− d1). Let ∆2 be the anti-compactness set of this sequence
(with respect to ψ restricted to (1 − d1)M(1 − d1)). Then, if ∆2 is empty, on
putting d = d1, we are finished. If ∆2 = ∅ then we repeat this process.
Let k  2. Let us assume that∆j = ∅ for j = 1,2, . . . , k and that d1, d2, . . . , dk
are orthogonal projections with ψ(dj ) < ε/2j . Let 2cj = sup∆j . Also assume
that
(φk,n)⊂ (φk−1,n)⊂ · · · ⊂ (φ1,n)
are nested subsequences such that, for all n, φj,n(dj ) > cj for j  k. It follows
that φk,n(dj ) > cj for j  k. Proceeding as before, we let ∆k+1 be the anti-
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If ∆k+1 is empty, on putting d =∑kj=1 dj , we are finished. We now suppose that
∆m is not empty for any m, so we generate an infinite sequence of orthogonal
projections (dj ), an infinite sequence of strictly positive real numbers (cj ) with
2cj = sup∆j , and an infinite sequence of nested subsequences · · · ⊂ (φk,n) ⊂
(φk−1,n)⊂ · · · ⊂ (φ1,n), with φn,n(dj ) > cj for j  n.
Let βn = φn,n for all n. Then
‖φn,n‖ βn(1) βn
(
n∑
j=1
dj
)

n∑
j=1
cj .
Since (φn) is a norm-bounded sequence, it follows that
∑
cj is convergent.
Hence cj → 0.
Let d =∑dj . Then ψ(d) ε.
Choose ξ > 0. Then there exists a k, depending on ξ , such that 3ck  ξ . So
sup∆k < ξ .
So ξ is not in ∆k . Thus the following statement is false:
“For each strictly positive real number η, there exists a projection p, p 
1−∑kj=1 dj , such that ψ(p) < η and φk,n(p) > ξ for infinitely many n.” Thus,
there exists a strictly positive real number η, such that for each projection p,
p  1 −∑kj=1 dj , ψ(p)  η or φk,n(p) > ξ for at most finitely many n. So
for each projection p, with p  (1 − d), ψ(p) < η implies φk,n(p)  ξ for all
sufficiently large n, say, nN . Hence, for each of the subsequences (φr,n), where
r  k, we have φr,n(p) ξ for each nN . Thus, for nN , βn(p) ξ whenever
p is a projection in (1−d)M(1−d) andψ(p) < η. It now follows from Lemma 2,
applied to (1− d)M(1− d), that (βn|(1− d)M(1− d)) (n= 1,2, . . .) is weakly
compact. ✷
We wish to generalise the above result to the situation where M does not
support a faithful normal state. To do this we introduce the following definition.
Definition. Let φ be a positive normal functional ofM and letψ be a normal state.
Then φ is said to be absolutely continuous (with respect to ψ) if, whenever p is a
projection for which ψ(p)= 0, then φ(p)= 0. We abbreviate this by φψ .
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Let us recall that each positive normal functional λ on M has a unique support
projection e, such that λ(x)= λ(ex)= λ(xe)= λ(exe). Furthermore λ is faithful
on eMe, see [12, p. 134]. We observe that if φ ψ then the support projection
of φ is less than the support projection of ψ . Hence if e is the support projection
of ψ and φψ we have φ(x)= φ(exe) for all x .
In the following proposition we dispense with the condition that M supports a
faithful normal state.
Corollary 5. Let ψ be a normal state of M . Let (φn) (n = 1,2, . . .) be a
bounded sequence of positive normal functionals, where each φn  ψ . Choose
ε > 0. Then there exists a projection d ∈M , such that ψ(d) < ε, and there is a
subsequence of (φn), (βn) (n= 1,2, . . .), such that the sequence of βn restricted
to (1− d)M(1− d) is weakly compact.
Proof. Let e be the support projection of ψ , so that ψ is faithful on eMe.
Moreover, for each n, φn(x) = φn(exe) for all x in M . Then, on applying
Proposition 4, with M replaced by eMe, the result follows. ✷
Let us recall that each ω ∈M∗ has a unique decomposition ω = ω1 − ω2 +
iω3 − iω4, where each ωj is a positive normal functional on M and where ω1
and ω2 have orthogonal support projections as do ω3 and ω4, see [12, p. 147]. Let
[ω] = ω1 +ω2 +ω3 +ω4.
Wheneverψ is a positive normal functional on M , we defineω to be absolutely
continuous (with respect to ψ) precisely when [ω]  ψ . We denote this by
ωψ .
Clearly ω ψ is equivalent to ωj ψ for j = 1,2,3,4. In particular, if e is
the support projection of ψ and ωψ , then ω(x)= ω(exe) for all x .
The following easy lemma and its corollary will simplify the proof of our main
theorem.
Lemma 6. Let A and B be sets of positive normal functionals on M such that
whenever α ∈ A then there exists β ∈ B with α  β . Let B be relatively weakly
compact. Then A is relatively weakly compact.
Proof. Since B is relatively weakly compact it is bounded in norm. Hence
A is bounded in norm. Let (pn) (n = 1,2, . . .) be any monotone decreasing
sequence of projections in M with infpn = 0. Then, by Theorem 5.4(iii) in [12],
limn→∞ sup{β(pn): β ∈ B} = 0.
Hence limn→∞ sup{α(pn): α ∈ A} = 0. So, by Theorem 5.4(iii) in [12], A is
relatively weakly compact. ✷
Corollary 7. Let (φn) (n = 1,2, . . .) be a sequence in M∗ such that ([φn])
(n= 1,2, . . .) is weakly compact. Then (φn) (n= 1,2, . . .) is weakly compact.
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Proof. Each φn has a canonical decomposition into φ1n − φ2n + iφ3n − iφ4n, where
each φjn is positive and normal and [φn] = φ1n + φ2n + φ3n + φ4n. It follows from
Lemma 6 that, for each j , (φjn) (n= 1,2, . . .) is weakly compact. ✷
Remark. In general the converse of Corollary 7 is false [10]. However, it is true
when M is of finite type, see Saitô [10].
The requirement in Corollary 5 that each φn was a positive functional can now
be eliminated.
Theorem 8. Let M be an arbitrary von Neumann algebra with pre-dual M∗. Let
ψ be a normal state of M . Let (φn) (n = 1,2, . . .) be a norm bounded sequence
in M∗. Choose ε > 0. Then there exists a projection d ∈M , such that ψ(d) < ε,
and there is a subsequence of (φn), (γn) (n = 1,2, . . .) whose restriction to
(1− d)M(1− d) converges weakly to a normal functional on (1− d)M(1− d).
Proof. Let φ =∑ 12n [φn]. Then φn φ for all n. Let λ= ψ + φ. Then φn  λ
for all n. By definition, [φn] ψ for each n. Fix ε > 0. Then, by Corollary 5, we
find d , a projection with λ(d) < ε and a subsequence of (φn), (βn) (n= 1,2, . . .),
such that the sequence ([βn]) (n= 1,2, . . .), when restricted to (1− d)M(1− d)
is weakly compact. It now follows from Corollary 7 that when (βn) (n= 1,2, . . .)
is restricted to (1− d)M(1− d) it is weakly compact.
By applying the Eberlein–Smulian Theorem to the weak closure of {βn|(1 −
d)M(1− d): n= 1,2, . . .}, we find a subsequence of (βn), (γn), and a functional
γ on (1 − d)M(1 − d) such that γn((1 − d)x(1 − d))→ γ ((1 − d)x(1 − d))
for each x in M . Since the pre-dual of a von Neumann algebra is always weakly
complete, γ is a normal functional on (1− d)M(1− d). ✷
Corollary 9. Let ψ be a faithful positive normal functional. Let (φn) (n =
1,2, . . .) be a norm bounded sequence of normal functionals on M . Then there
exists a sequence of projections in M , (pk) (k = 1,2, . . .) which converges
strongly to 1, and there is a subsequence of (φn), (γn) (n = 1,2, . . .) such that
limn→∞ γn(pkxpk) exists for each x ∈M .
Proof. We recall that by Theorem 8 we can find a projection d1 in M such
that ψ(d1) < 1/2 and a subsequence (φ1,n) ⊂ (φn) such that limn→∞ φ1,n((1 −
d1)x(1− d1)) exists for all x in M . By successive applications of Theorem 8, we
find nested subsequences · · · ⊂ (φk,n) ⊂ (φk−1,n)⊂ · · · ⊂ (φ1,n) and a sequence
of projections (dk) (k = 1,2, . . .) such that ψ(dk) < 1/2k and, for each k,
limn→∞ φk,n((1 − dk)x(1 − dk)) exists. Then dk → 0 in the strong∗ topology.
Let γn = φn,n. Put pk = (1 − dk). Then pk → 1 in the strong topology and, for
each x in M , limn→∞ γn(pkxpk) exists. ✷
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Corollary 10. Let M be an arbitrary von Neumann algebra. Let (φn) (n =
1,2, . . .) be a norm bounded sequence in M∗. Then there exists a sequence of
projections in M , (qk) (k = 1,2, . . .) which converges strongly to 1 and there is a
subsequence of (φn), (γn) (n= 1,2, . . .), such that limn→∞ γn(qkxqk) exists for
each x ∈M .
Proof. Let φ =∑ 12n [φn]. Then φn φ for all n. Let e be the support projection
of φ. Since φn φ, it follows by the remarks preceding Theorem 8, that φn(x)=
φn(exe) for all x . Since φ is faithful on eMe, we may apply Corollary 9 to eMe.
This gives a sequence of projections (pn) (n = 1,2, . . .), in eMe, converging
strongly to e. Also, there exists a subsequence (γn) (n = 1,2, . . .), such that
limn→∞ γn(pkypk) exists for each y ∈ eMe.
Put qk = pk + (1 − e). Then (qk) (k = 1,2, . . .) is a sequence of projections
which converges strongly to 1.
Let x ∈ M . Then γn(qkxqk) = γn(eqkxqke) = γn(pkxpk) and the required
result follows. ✷
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